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Design of Reduced-Order Robust Controllers
for Smart Structural Systems

Pengxiang Liu∗ and Vittal S. Rao†

University of Missouri—Rolla, Rolla, Missouri 65401

A method of designing reduced-order robust controllers for smart structural systems, which guarantees the
stability and performance of the closed-loop system under various uncertainties, is presented. The uncertainties in
structural systems are modeled as norm-bound unstructured uncertainty and structured parametric uncertainties
in natural frequencies and damping ratios. Based on the linear matrix inequalities (LMIs) and the Popov criterion,
a robust multi-objective controller is designed to suppress the vibrations caused by external disturbances. The
limited actuator inputs are also incorporated in the design mythologies. Using LMIs, the order of the synthesized
controller is reduced by a frequency-weighted model reduction method. The design procedure was experimentally
tested on a multi-input and multi-output three-mass structural test article, which uses piezoelectric actuators and
sensors.

Introduction

SMART structure technology1 enhances structural properties by
integrating sensors, actuators, signal processing, and control

technologies into structures, resulting in improved disturbance re-
jection and vibration damping. One example of its applications is the
active control of lightly damped spacecraft structure to suppress the
vibration caused by external disturbance. For successful integration
of the controller with smart structural system, the designed controller
has to be a lower-order controller that leads to simple hardware im-
plementation and low power consumption. Because structural sys-
tems are vulnerable to various uncertainties, the robustness of the
designed controller is essential. The uncertainties in a structural sys-
tem can be categorized into two classes: norm-bound unstructured
uncertainty and parametric uncertainty. Unstructured uncertainty
can be caused by neglected high-frequency modes, sensor noise,
and actuator gain variation. Parametric uncertainty is caused by the
variations of structural parameters around nominal values. The actu-
ators in smart structural systems usually have limited inputs, which
affect the performance and the robustness achievable by the control
system. These uncertainties and limitations have to be incorporated
in the controller design methodologies.

For ensuring unconditional stability to the uncertainties of the
structure, most conventional methods2 for controlling structural sys-
tems such as direct velocity feedback, positive position feedback,
and positive real synthesis depend on collocated actuator/sensor
pairs and some constraints on the controller structure and parame-
ters. The controller parameters are tuned by a trial-and-error pro-
cedure in order to satisfy both robust stability and predefined per-
formance simultaneously. This trial-and-error procedure becomes
very difficult for multi-input and multi-output (MIMO) structures
with a number of controlled modes. Because the robust performance
cannot be guaranteed by these methods, the controller parameters
have to be modified when the structural parameters are subjected to
variations. In addition, the requirement of exact collocation can be
restrictive making these methods less attractive for implementation
of controllers on generic smart structures. To overcome the restric-
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tions in these conventional methods, we present a robust controller
design method for MIMO structures, which does not need the col-
location of actuators and sensors, and can simultaneously achieve
multiple control objectives: robust performance for uncertainties in
structural parameters, robust stability for unmodeled structural dy-
namics, and a direct consideration of control input constraint in the
design.

The proposed design method is based on the linear matrix in-
equalities (LMIs),3 which can easily formulate various time and
frequency-domain performance constraints and robustness require-
ments. Because of the recent advances in convex optimization, such
as the interior-point algorithm and the availability of user-friendly
controller design packages, it has been possible to solve these LMI
problems efficiently. The LMI techniques have been applied to the
structural control by several researchers. Agrawal et al.4 have con-
sidered the analysis of stability of actively controlled civil engineer-
ing structures subject to earthquake vibrations. Niewoehner et al.5

and Grigoriadis and Skelton6 have used LMIs on the control of
aircraft structures.

In this paper, a structural system with uncertainties is de-
scribed in modal domain by a linear-fractional-transformation
(LFT) model with parametric and unstructured uncertainties. The
Popov criterion7 is used to derive a less conservative condition in
terms of LMIs for multi-objective robust controller design. A robust
controller is synthesized by solving these LMIs with the help of
MATLAB®.8 The order of the synthesized controller is reduced by
a frequency-weighted controller reduction method based on LMIs.
Appropriate weighting function is chosen to preserve the system
performance in the reduced-order controller. The design method is
applied to a three-mass experimental test article, and the experimen-
tal results are included.

Representation of Structure with Uncertainty
Throughout this paper, we assume that the structure is a lightly

damped flexible structure, and lead-zirconite-tianate (PZT) patches
are used as sensors and actuators. The equation of motion of such a
structural system can be described in physical coordinates by

Mq̈(t) + Cdq̇(t) + Ksq(t) = Fu(t), y(t) = Lq(t) (1)

where q(t) ∈ Rnm is the vector of structural displacements, M, Cd

and Ks are the mass, damping, and stiffness matrices of the structure
respectively, input vector u(t) ∈ Rl , and output vector y(t) ∈ Rm .

Following the standard procedure, the structural system can also
be represented by a state-space representation in modal coordinates
given by

ẋm(t) = Am xm(t) + Bmu(t), y(t) = Cm xm(t) (2)
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where Am = diag(Am1, . . . , Ami, . . . , Amnm ) with

Ami =
[

−ζiωi ωi

√
1 − ζ 2

i

−ωi

√
1 − ζ 2

i −ζiωi

]

ζi and ωi are damping ratios and natural frequencies, respectively.
The transfer function of Eq. (2) is given by9

Gm(s) =
nm∑

i = 1

L

[
ψiψ

T
i

s − λi
+

(
ψiψ

T
i

)∗

s − λ∗
i

]
F (3)

where ψi are the complex mode shapes of the structure.
The uncertainties in structural systems can be represented in

modal domain as the variations of modal parameters, that is, mode
shapes, natural frequencies, and damping ratios. Because natural
frequencies and damping ratios determine the structural behavior,
the variations in these parameters should be modeled as structured
parametric uncertainties. Their variation ranges are determined from
measurements or estimations. Because of the difficulty in measur-
ing and modeling the variations of mode shapes having the form
of complex vector, their variations can be approximately accounted
for by unstructured model uncertainty. Although a flexible smart
structure has an infinite number of modes, for simplifying the con-
troller design the structural model Eq. (1) usually represents only
the properties of the first nm modes to be controlled and ignores the
dynamics of the structural modes higher than nm . These neglected
high-frequency modes, if not treated properly in controller design,
can cause an undesirable spillover effect10 on the structural system.
Hence, to describe the neglected structural modes and the variations
in structural parameters, the structure with uncertainty is represented
as in Fig. 1.

The matrix �p in Fig. 1 represents the parametric uncertainties in
natural frequencies and damping ratios. The stable dynamic system
�m with ‖�m‖∞ ≤ 1 denotes the unstructured uncertainty and is
weighted by a high-pass filter function Wm representing the high-
frequency uncertainties caused by unmodeled dynamics and the
variations in mode shapes. The linear system G in Fig. 1 is derived by
performing LFT transformation on Eq. (2) as shown in the following:

Let the uncertain natural frequencies and damping ratios be rep-
resented by

ωi = ωni + δωiωri and ζi = ζni + δζ iζri, (i = 1, . . . , nm)

(4)

where ωni and ζni denote the nominal values of natural frequency and
damping ratio respectively, ωri and ζri define the ranges of their vari-
ation around the nominal values, and the uncertain parameters δωi

and δζ i are normalized as |δωi | ≤ 1 and |δζ i | ≤ 1. Then, the Am matrix
of Eq. (2) can be written as Am = diag(Am1, . . . , Ami, . . . , Amnm ),
where Ami ≈ (Aui + δωi Aωi + δζ i Aζ i ) with

Fig. 1 Representation of structure with uncertainty.

Aui =
[

−ζniωni ωni

√
1 − ζ 2

ni

−ωni

√
1 − ζ 2

ni −ζniωni

]

Aωi =
[

−ζniωri ωri

√
1 − ζ 2

ni

−ωri

√
1 − ζ 2

ni −ζniωri

]

and

Aζ i =
[−ζriωni 0

0 −ζriωni

]

In the preceding formulation, it is assumed that 1 − ζ 2
i ≈ 1 − ζ 2

ni
caused by the small damping ratios of lightly damped structure and
the second-order uncertain terms −δωiδζ iζriωri are neglected.

With the LFT,11 the system G is given by

ẋ(t) = Ax(t) + Bmu(t) + Buw(t), y(t) = Cm x(t)

z(t) = Cu x(t), w(t) = �pz(t) (5)

where the ranges of the uncertain parameters are shifted by the
loop transformation to 0 ≤ δωi , δζ i ≤ 1 for convenience of controller
design,

A = diag
(

Au1 − Aω1 − Aζ1, . . . , Aunm − Aωnm − Aζnm

)
�p = diag

(
δω1 I2, . . . , δωnm I2, δζ1 I2, . . . , δζnm I2

)
Bm and Cm are defined in Eq. (2), and Bu , Cu are block diagonal
matrices with elements obtained by decomposing Aωi and Aζ i .

Robust Controller Design
A structure with parametric and unstructured uncertainties, con-

trolled by an output feedback controller, is shown in Fig. 2, where
W f is a low-pass filter function introduced to reduce the spillover
effect of the neglected high-frequency modes, Kc is the output feed-
back controller, wp and z p are the disturbance input and performance
output, respectively.

The state-space representation of the augmented plant Pa is given
by

ẋ(t) = Apx(t) + Bpwp(t) + B1w1(t) + B2w2(t) + Bu(t)

z p(t) = Cpx(t) + Dppwp(t) + E pu(t), z1(t) = C1x(t)

z2(t) = C2x(t) + E2u(t), y(t) = Cx(t) + Fpwp(t) + F2w2(t)

w1(t) = �pz1(t) (6)

where Ap ∈ Rn × n and �p = diag(δ1 I2, . . . , δnδ I2) is a matrix of con-
stant real uncertain parameters δi , i = 1, . . . , nδ , with 0 ≤ δi ≤ 1.

Fig. 2 Representation of closed-loop system with uncertainties.
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It is assumed that the controller Kc is strictly proper and has a
state-space realization

ẋc(t) = Acxc(t) + Bc y(t), u(t) = Ccxc(t) (7)

Substituting the controller into Eq. (6), the closed-loop system is
given by

˙̄x(t) = Āx̄(t) + B̄pwp(t) + B̄1w1(t) + B̄2w2(t)

z p(t) = C̄ p x̄(t) + Dppwp(t), z1(t) = C̄1 x̄(t)

z2(t) = C̄2 x̄(t) (8)

with

x̄(t)T = [
x(t)T xc(t)

T
]

To design a robust controller to suppress the vibration caused by
the disturbance input wp , the following three control objectives are
selected:

1) The attenuation of vibration of a structure can be achieved by
minimizing the upper bound of the L2 gain between the disturbance
input wp and performance output z p:

min

{
γ :

∫ ∞

0

‖z p‖2 dt < γ 2

∫ ∞

0

‖wp‖2 dt

}
(9)

This performance should be robust for parametric uncertainties rep-
resented by �p .

2) The closed-loop system should be stable under the neglected
structural dynamics and other uncertainties, represented by �m in
Fig. 2. From the small-gain theorem,11 the stability is guaranteed if
the L2 gain between w2 and z2 is less than one, that is,∫ ∞

0

‖z2‖2 dt <

∫ ∞

0

‖w2‖2 dt (10)

3) The limited actuator input is directly considered in the con-
troller design by forcing the controller outputs within the input lim-
its of actuators when the disturbance input wp is bounded by a finite
energy Em , that is,

|ui (t)| ≤ umax s.t.

∫ ∞

0

wT
p wp dt ≤ Em for i = 1, . . . , l

(11)

where l is the number of controller outputs. For simplicity, only
the nominal closed-loop system, that is, a system with �m = 0 and
�p = 0, needs to satisfy Eq. (11). Note that there is a tradeoff be-
tween the system performance γ and the disturbance energy Em :
setting up a smaller Em leads to a higher-gain controller having bet-
ter performance, but its outputs are more susceptible to saturating
actuators.

By the bounded real lemma3 and the Popov criterion, a closed-
loop system with the parametric uncertainties as shown in Fig. 2 is
known to have robust L2 gain bounded by γ if there exists a positive
definite matrix P(�p) = P1 + C̄T

1 � �p C̄1 such that12




Ā(�p)
T P(�p) + P(�p) Ā(�p) P(�p)B̄p C̄T

p

B̄T
p P(�p) −I DT

pp

C̄ p Dpp −γ 2 I


 < 0

(12)

where Ā(�p) = Ā + B̄1�pC̄1 and � is a symmetric block diagonal
matrix in the form � = diag(�1, . . . , �i , . . . �nδ) with �i ∈ R2 × 2.

Because the uncertain parameters δi are bounded by 0 ≤ δi ≤ 1,
the block diagonal matrix �p satisfies the following matrix inequal-
ity:

[
�p

I

]T [−(R + RT ) R

RT 0

][
�p

I

]
≥ 0 with R + RT > 0

(13)

where R = diag(R1, . . . , Ri , . . . Rnδ) with Ri ∈ R2 × 2.
Based on Eq. (13), it can be proven by using the S procedure3

that Eq. (12) is satisfied if there exists a positive definite matrix
P1 = PT

1 > 0 such that


ĀT P1 + P1 Ā (. . .)T (. . .)T C̄T
p

B̄T
p P1 −I (. . .)T DT

pp

B̄T
1 P1 + �C̄1 Ā + RC̄1 �C̄1 B̄p He(�C̄1 B̄1 − R) 0

C̄ p Dpp 0 −γ 2 I


< 0

(14)

where He(	) := 	 + 	T .
By the bounded real lemma, the second objective regarding the

stability under the unstructured uncertainty �m is satisfied if there
exists a positive definite matrix P2 such that


ĀT P2 + P2 Ā P2 B̄2 C̄T

2

B̄T
2 P2 −I 0

C̄2 0 −I


 < 0 (15)

To find a controller that can satisfy both Eqs. (14) and (15), we let
P1 = P2 = P . This arbitrary equalization of two different matrices
makes the design of multi-objective controller feasible. However,
this controller becomes conservative.

The relationship between system state and disturbance input de-
fined by Eq. (14) yields

x̄n(t)
T P x̄n(t) <

∫ t

0

wp(τ )T wp(τ ) dτ

where x̄n(t) denotes the state of the nominal closed-loop sys-
tem. When the system is driven by the energy-bounded distur-
bance input wp , the system states belong to a set defined by
{x̄n(t) : x̄n(t)′ Px̄n(t) < Em}; hence, the controller outputs vary in a
range3 bounded by umax if

Em

[
0

CT
ci

]
[0 Cci] < u2

max P, i = 1, . . . , l (16)

is satisfied, where Cci is the i th output vector of the controller.
The matrix inequalities Eqs. (14) and (15) are not convex in

the controller parameters and matrix P . But they can be trans-
formed to convex ones by using a standard LMI controller synthesis
procedure.13 Let

P =
[

X U

U T ∗

]

and

P−1 =
[

Y V

V T ∗

]

By introducing new variables K , L , and M , Eqs. (14–16) can be
transformed respectively to the following equivalent matrix inequal-
ities, which are convex in matrices X, Y, K , L , and M :
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


He(ApY + B M) (. . .)T Bp QT (. . .)T

AT
p + K He(X Ap + LC) (. . .)T (. . .)T CT

p

BT
p BT

p X + F T
p LT −I (. . .)T DT

pp

Q BT
1 X + �C1 Ap + RC1 �C1 Bp He(�C1 B1 − R) 0

CpY + E p M Cp Dpp 0 −γ 2




< 0 (17)




He(ApY + B M) (. . .)T B2 (. . .)T

AT
p + K He(X Ap + LC) (. . .)T CT

2

BT
2 BT

2 X + F T
2 LT −I 0

C2Y + E2 M C2 0 −I


 < 0 and


 Y I MT

i

I X 0

Mi 0 u2
max

/
Em


 > 0 (18)

where Q = BT
1 + �C1(ApY + B M) + RC1Y , Mi for i = 1, . . . , l

are the i th row of matrix M .
The controller parameters are constructed by

[
Ac Bc

Cc 0

]
=

[
U X B

0 I

]−1 [
K − X ApY L

M 0

][
V T 0

CY I

]−1

(19)

where U V T = I − XY .
Synthesizing a robust controller satisfying the preceding three

control objectives is then formulated as solving the optimization
problem:

min γ s.t. Eqs.(17) and (18) (20)

where the decision variables are matrices K , L , and M , positive
definite matrices X and Y , and multipliers � and R. Equation (20)
is not a convex problem with respect to these variables unless the
multipliers R and � are already known. Therefore, the following
iterative steps are applied to designing a robust controller for struc-
tural systems with parametric and unstructured uncertainties.

1) Step 1: Initialize the controller parameters by finding a con-
troller for the nominal system with no parametric uncertainty.

2) Step 2: With the controller parameters fixed, search for matrices
P, R, and � to minimize the performance γ subject to Eqs. (14–16).

3) Step 3: By using the matrices R and � calculated from the
preceding step, solve Eq. (20) and determine the robust controller
by Eq. (19).

4) Step 4: Iteratively apply steps 2 and 3 until the performance γ
converges.

The controller synthesized by this approach is conservative as a
result of several factors. First, all of the constraints for the multi-
objective design are based on a single Lyapunov function, which
only formulates a sufficient condition for a controller satisfying
both robustness and performance. Second, because these constraints
are solved by an iterative scheme compromising of analysis and
synthesis steps the resulting controller is not the optimal solution.
Third, the time-invariant nature of the real parametric uncertainty
cannot be fully captured by the Popov criterion although it is less
conservative than the circle criterion and µ-synthesis condition.
The conservatism is also attributed by the way that the paramet-
ric uncertainties of structures are modeled as individual variations,
which form a set of variations much larger than the actual physical
variations.

Besides the conservatism of this approach, another concern is its
numerical difficulty, which increases with the number of the con-
trolled modes nm and the uncertain parameters nδ . The numbers of
decision variables in the analysis step (step 2) and synthesis step
(step 3) are n(2n + 1) + 7nδ and n(n + 1) + n2 + (m + l)n, respec-
tively, where n = 2nm + nw , and nw denotes the sum of the orders
of weighting functions in Fig. 2. Because the interior-point LMI
algorithm has polynomial-time complexity with respect to the num-

ber of decision variables, the iterative scheme might have numerical
difficulties for large-scale structures.

Controller Reduction
The robust controller synthesized by the preceding scheme has

an order equal to the order of structural model G plus the orders
of weighting functions W f and Wm . Because simple hardware im-
plementation of the controller is critical to smart structure systems,
this higher-order controller needs to be reduced to a lower-order
one for a desired performance. The following LMI-based controller
reduction method is presented to achieve this goal.

The reduced-order controller Kr (s) is modeled as the full-order
controller Kc(s) with additional error14 �r (s) frequency-weighted
by W (s), that is, Kr (s) = Kc(s) − �r (s)W (s). Note that there
should be no direct term in the reduced-order controller in order
to avoid the spillover effect of unmodeled high-frequency modes.
To preserve the performance in the reduced-order controller, the
weighting function W (s) should be appropriately chosen, and the
controller reduction error should be smaller in terms of its H∞
norm

E = ‖�r (s)‖∞ =
∥∥[Kc(s) − Kr (s)]W (s)−1

∥∥
∞

From the control objective two, we have ‖Wm Kc(I −
W f G Kc)

−1‖∞ < 1 that leads to

σ̄ [Kc( jω)] < σ̄ [I − W f ( jω)G( jω)Kc( jω)]σ̄
[
W −1

m ( jω)
]

for all ω ∈ R (21)

where the symbol σ̄ (V ) denotes the largest singular value
of matrix V . Because Wm(s) is a high-pass filter and σ̄ [I −
W f ( jω)G( jω)Kc( jω)] has larger values in the low-frequency
band, Eq. (21) shows that the spectrum energy of the full-order con-
troller Kc(s) concentrates on the low-frequency band, which primar-
ily determines the controller performance. Therefore, the weighting
function W (s) should be chosen as a high-pass filter, allowing good
approximation of the performance-sensitive low-frequency band
and larger reduction error in the high-frequency band having lit-
tle effect on the performance.

The commonly used frequency-weighted model reduction meth-
ods are the extensions of the balanced truncation and the optimal
Hankel norm reduction methods. The reduced-order controllers gen-
erated by these methods usually have larger reduction errors, which
can be reduced by the following LMI-based method.

Suppose the frequency-weighted error model [Kc(s) −
Kr (s)]W (s)−1 has a state-space realization

 ẋk(t)

ẋr (t)

z(t)


 =


 Ak 0

Br Ck Ar

Ckk −Cr


[

xk(t)

xr (t)

]
+


 Bk

Br Dw

0


w(t) (22)
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where

Ak =
[

Ac BcCw

0 Aw

]
, Bk =

[
Bc Dw

Bw

]
[

Ck

Ckk

]
=

[
0m × n Cw

Cc 0l × nw

]
,

[
Aw Bw

Cw Dw

]

and

[
Ar Br

Cr 0

]

are the state-space realizations of W (s)−1 and Kr (s) respectively,
Ac ∈ Rn × n , Aw ∈ Rnw × nw , and Ar ∈ Rnr × nr with nr < n.

From the bounded real lemma, we have E < γe if and only if there
exists a positive definite matrix Pr such that


He

([
Ak 0

Br Ck Ar

]T [
Pr1 Pr3

PT
r3 Pr2

])
(. . .)T (. . .)T

[
BT

k DT
w BT

r

] [
Pr1 Pr3

PT
r3 Pr2

]
−γe I 0

[Ckk −Cr ] 0 −γe I




< 0

where [
Pr1 Pr3

PT
r3 Pr2

]
= Pr (23)

Because Eq. (23) is a bilinear matrix inequality with respect to
the unknown reduced-order controller and the matrix Pr , it cannot
be solved by LMI techniques. But if the element Pr3 of the matrix
Pr has a special form

Pr3 =
[

Pr4

0

]
∈ R(n + nw) × nr (24)

where Pr4 ∈ Rnr × nr is a nonsingular square matrix, the bilinear ma-
trix inequality is equivalent to a linear matrix inequality as follows:

There exist matrices Pr1, Pr0 and[
A f B f

C f 0

]

such that

Pr1 −
[

Pr0 0

0 0

]
> 0

Pr0 > 0 and


He
(

AT
k Pr1 + SB f Ck

)
(. . .)T (. . .)T (. . .)T

AT
f ST + Pr0 ST Ak + B f Ck AT

f + A f (. . .)T −CT
f

BT
k Pr1 + DT

w BT
f ST BT

k S Pr0 + DT
w BT

f −γe I 0

Ckk −C f 0 −γe I




< 0 (25)

where

S =
[

Inr

0

]

Pr0 ∈ Rnr × nr . A reduced-order controller is then given by[
Ar Br

Cr 0

]
=

[
P−1

r4 0

0 I

][
A f B f

C f 0

][(
P−1

r4

)T
Pr2 0

0 I

]

with Pr0 = Pr4 P−1
r2 PT

r4 (26)

Equation (25) is derived by postmultiplying and premultiplying
Eq. (23) with J = diag(In + nw, P−1

r2 PT
r4, Im, Il) and its transpose, re-

spectively.
The general form of Pr3 can be represented as

Pr3 =
[

Pr4

N Pr4

]

with Pr4 ∈ Rnr × nr being nonsingular and N ∈ R(n + nw − nr) × nr .
Then, Pr3 in Eq. (23) can be transformed to the special form
Eq. (24) by premultiplying and postmultiplying Eq. (23) with
Tr = diag(Lr , Inr, Im, Il) and its transpose, respectively, where

Lr =
[

Inr 0

−N In + nw−nr

]

Similar to the controller design, the controller reduction error can
be iteratively reduced by getting the matrix N from Eq. (23) with
fixed Ar and Br and then obtaining the reduced-order controller
from the solution of Eq. (25). The reduction error will not converge
to its minimal with this iterative scheme. The iterative scheme can
start with a reduced-order controller from any controller reduction
method, and thus the final resulting reduction error relies closely
on the initialization. The application of the proposed method is lim-
ited to stable controllers for it is derived from a Lyapunov func-
tion. Because it cannot be ensured that a reduced-order controller
having smaller reduction error preserves the performance and the
robustness of the full-order controller, posterior system analysis is
thus indispensable for determining whether it satisfies the control
requirements for the closed-loop system.

Experimental Results
For experimental verification of the robust controller design and

controller reduction methods just presented, a three-mass smart
structure test article as shown in Fig. 3 was used.

This structure consists of three wooden blocks connected by two
strips of aluminum and is mounted on a steel frame in a pendulum
configuration, where the top of the structure is clamped to the frame
and the bottom is left to hang free as shown in Fig. 3. The PZT
patches are mounted on the structure for actuation and sensing pur-
poses, and their placement locations are chosen to achieve effective
control of the vibrations of the first three modes. It can be noticed
that the actuators and sensors are not collocated in the experiment.
The PZT sensors have low noise and high-frequency bandwidth.
The control computer consists of the dSPACE system, which builds
a discreate realization of the synthesized continuous controller di-
rectly from Simulink using Euler numerical integration method with

Fig. 3 Three-mass structure experimental setup.
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a sampling frequency of 5 kHz. In this experiment, the discretization
effect can almost be ignored because of this high sampling rate. The
outputs from the control computer are amplified by power ampli-
fiers of gain 30, whose outputs, limited between ±150 volts, drive
the actuators. This translates into a limitation of 5 V at the input of
the PZT driver power amplifier, which has a 1-KHz bandwidth and
can provide a maximum 9-W power. The signals from PZT sensors,
measuring the structural displacement in voltage, are fed back to
the controller after passing through a high-resistance buffer circuit.
With swept-sine frequency response measurements and curve fit-
ting, a sixth-order state space model of two inputs and two outputs
is obtained for describing the first three modes of the structure with
the natural frequencies 1.76, 4.49, and 6.86 Hz, and damping ratios
0.0062, 0.009, and 0.0047. The natural frequencies and damping
ratios of the first three modes are assumed to have ±10% variation
ranges around their nominal values. To reduce the spillover effect,
a low-pass filter W f (s) is chosen to be

W f (s) = [150/(s + 150)]I2

The following control objectives are selected for a desired per-
formance and robustness:

1) The L2 gain between actuator 2 and sensor 1 should be mini-
mized when the structural parameters vary within the defined ranges.

2) The closed-loop system should be stable under the additive
model uncertainty represented by norm-bound uncertainty weighted
by the function

Wm(s) = s + 150

10(s + 300)


 s + 150

s + 300
0

0 1




3) To consider the actuator saturation in the design, the controller
outputs are limited between −5 and 5 V when the disturbance has
energy less than 0.143.

Using the iterative scheme, an 11th-order controller satisfying
the preceding objectives is synthesized. The system performance
converges to (−13.56 dB) from an initial value (−8.4 dB) in four
iterations. The synthesized 11th-order controller is then reduced by
the frequency-weighted model reduction method with the weighting
function chosen to be

W (s) = (s + 1)(s + 200)

100

[
1 0

0 1.25

]

In Fig. 4, the LMI-based reduction method is compared with the
commonly used frequency-weighted balanced truncation method.
Figure 4 shows the reduced-order controller by the LMI-based
method has smaller reduction error. It also shows a large increase of
reduction error at the fifth order controller. Posterior performance

Fig. 4 Controller reduction error vs controller order.

Fig. 5 Robust stability analysis.

Fig. 6 Performance vs the parametric uncertainty.

analysis indicates that the sixth-order controller has a robust per-
formance of (−14.57 dB), very close to the (−14.62 dB) of the
full-order controller, but the performance of the fifth-order con-
troller deteriorates to (−11.4 dB). Therefore, the sixth-order con-
troller preserving the performance is chosen for further analysis and
experimental tests.

Using the small-gain theorem, the robust stability of the closed-
loop system for unmodeled dynamics is verified in Fig. 5 by showing

σ̄ [Wun(ω)] < σ
[
Tuw2(ω)−1

]
for all ω ∈ R

in the unmodeled frequency region 10 Hz ≤ ω ≤ 200 Hz, where σ̄
andσ are the maximum and minimum singular values, respectively;
Wun(ω) is the experimentally measured frequency response of the
unmodeled structural dynamics; and Tuw2(ω) denotes the frequency
response of the closed-loop system between the output w2 and the
input u.

The robustness of this sixth-order controller for parametric uncer-
tainties is shown in Fig. 6. The performance deteriorates less than
2 dB for a 10% variation in structural parameters.

Using dSPACE system, the sixth-order controller was imple-
mented to control the three-mass structure. In addition to the nom-
inal structure, two test cases are set up by reducing or adding the
weights of mass 1 and mass 3 to simulate the variations in structural
parameters as shown in Table 1, where the symbols f and d denote
natural frequency and damping ratio, respectively.

The controller significantly improves the disturbance rejection
property of the structure from 1.5 dB to (−16.5 dB) as shown in
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Table 1 Variations of structural parameters in two test cases

First mode Second mode Third mode

Weights f ,% d,% f ,% d,% f ,% d,%

Reducing 7.9 5.7 9.9 −5.6 6.8 6.4
Adding 6.9 8.1 7.4 −8.8 4.1 −4.2

Fig. 7 Frequency responses of closed-loop and open-loop systems.

Fig. 8 Damping responses in three modes (– – –, open loop; ——,
closed loop).

Fig. 7. The experimentally tested frequency responses in Fig. 7
confirms the robust performance of the designed controller: the L2

gains of the closed-loop systems are bounded by (−14.57 dB) as
shown in Fig. 6 for a 10% variation range. Showing the frequency
responses of the closed-loop and open-loop systems in unmodeled
high-frequency band, Fig. 7 also verifies experimentally that the
controller retains robust stability as indicated by Fig. 5. For com-
parison, we also tested the performance of a controller designed

without considering any uncertainty of the structure. The variations
in structural parameters cause the closed-loop systems unstable.

Figure 8 shows the damping responses of the first three modes in
the three test cases. It is clear that when active control is applied the
vibrations decay much faster than in open-loop systems. Because the
decay rates of the closed-loop systems in the three test cases change
little, the robustness of the controller is also verified by these time
responses.

Conclusions
We investigated the reduced-order robust controller design for

smart structural systems with model uncertainties and limited actu-
ator inputs. By introducing unstructured uncertainty and parametric
uncertainties in natural frequencies and damping ratios, it is shown
in the design of robust controller that the controller can achieve the
robustness and performance. With smaller reduction error, the syn-
thesized high-order controller is reduced by a LMI-based frequency-
weighted controller reduction method. The presented methods were
successfully tested on a three-mass structure of two inputs and two
outputs.

There are several conservative factors in the proposed approaches:
the modeling of uncertain parameters, the formulation of multi-
objective design problem, and the solution to nonconvex matrix
inequalities. The LMI-based methods also suffer numerical diffi-
culty in their applications to large-scale structures. Further research
is needed to solve these problems.
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